Introduction
Lefschetz fibrations provide one of the available methods for constructing symplectic structures. This paper builds on the model of [17] , where that method was used to find a non-standard symplectic structure on the manifold obtained by attaching an n-handle to the cotangent bundle of the (n + 1)-sphere (for any even n ≥ 2). Here, we explore a somewhat more speculative idea first proposed in [24, Section 2] , namely that random choices of vanishing cycles almost always lead to non-standard symplectic structures.
Generally, starting from any 2n-dimensional Liouville manifold M and an ordered collection of Lagrangian spheres (V 1 , . . . , V r ) in it, one constructs a (2n + 2)-dimensional Liouville manifold E, namely the total space of the Lefschetz fibration with fibre M and having (V 1 , . . . , V r ) as a basis of vanishing cycles. In our case, we take the fibre M = M m to be the 2n-dimensional type (A m ) Milnor fibre (for some m, n ≥ 2), whose symplectic geometry is well-studied [11] . In particular, there is a map associating a Lagrangian sphere S δ ⊂ M m to any suitable path δ in the (m + 1)-punctured plane. We choose our r = m + 1 vanishing cycles V k = S δ k as follows. The first m of them are fixed, and come from an (A m ) chain of paths (δ 1 , . . . , δ m ). Given those, we then allow an arbitrary δ m+1 (see Figure 1 for an example). Only the isotopy class of δ m+1 really matters, but still, for any fixed m there is an infinite number of possible choices; they correspond bijectively to elements in the braid group Br m+1 conjugate to one of the generators in the standard presentation. The homotopy type of the resulting total space E is always that of S n+1 , and in fact we can be a little more precise concerning its topology: Lemma 1.1. If n is even, any choice of V m+1 leads to a manifold E which is diffeomorphic to the cotangent bundle T * S n+1 . Moreover, under this diffeomorphism, the homotopy class of its almost complex structure turns into the standard one. Lemma 1.2. Take n odd (and by our previous assumption, > 1). Choose orientations of V 1 , . . . , V m such that V i · V i+1 = (−1) for some k < l. Then E is diffeomorphic to T * S n+1 . Moreover, under this diffeomorphism, the homotopy class of its almost complex structure turns into the standard one.
The first statement is elementary, while the second one relies on some computations in classical homotopy theory. If (1.1) is violated, then E is distinguished from T * S n+1 by the intersection pairing on H n+1 (E) ∼ = Z. Even though we do not consider it in the body of the paper, the construction could also be carried out for n = 1, leading to four-manifolds E which are double branched covers of R 4 . However, Lemma 1.2 fails to hold in that dimension, because of the additional obstruction given by the fundamental group at infinity. 
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n+1 . In all other cases, E does not contain a Lagrangian sphere representing a nonzero class in H n+1 (E), hence is not symplectomorphic to T * S n+1 . Figure 2 shows two choices of paths, of which the left hand one yields T * S n+1 , while the right hand one corresponds to a nonstandard structure. The obvious question is whether the nonstandard structures constructed in this way are all the same, or whether there are actually infinitely many different ones among them (and if so, how they depend on the choice of path). Unfortunately, the invariant used in this paper provides no help in answering that question.
The structure of the paper is as follows. Sections 2-4 collect some properties of Floer cohomology in the context of Lefschetz fibrations. None of that is really new, hence proofs will usually be only outlined. Section 5 discusses the main Floer cohomology computation, and Section 6 its algebraic implications. Up to this point, everything is fairly general. Then, Section 7 reviews the manifolds M m , and Section 8 some elementary facts about (A m ) quiver representations. As we'll see in Section 9, an application of the previously introduced general ideas to this specific situation quickly leads to the desired conclusion.
We remind the reader of some basic implications of these definitions. If Ω M ⊂ M is as before, then θ M |∂Ω M is a contact one-form, and any two hypersurfaces obtained in this way are canonically contactomorphic (by going along the flow lines of Z M ). Hence, ∂Ω M is sometimes called the boundary at infinity of M . Liouville isomorphisms induce contact isomorphisms between the respective boundaries at infinity.
Our next task is to introduce Lefschetz fibrations, in a version which is suitable for our constructions. Since both the fibres and the base will be noncompact, some control on the geometry near infinity has to be imposed, and we'll set that up first. Fix a 2n-dimensional Liouville manifold (M, ω M = dθ M ) and a compactly supported Liouville automorphism µ of M . Take an open subset with smooth boundary in M , whose complement is compact, and let U be the closure of that subset. We can choose U such that µ|U is the identity, and so that the function k µ satisfying µ * θ M = θ M +dk µ vanishes on U . Let T µ = (R×M )/(t, x) ∼ (t−2π, µ(x)) be the mapping torus of µ. Define
as follows. The identification of the two pieces takes (exp(s + it), x) to (s, t, x) (technically, this makesẼ into a manifold with "concave" codimension 2 corners). The map is πẼ(z, x) = z on C × U , and πẼ(s, t, x) = exp(s + it) on R + × T µ .Ẽ carries a symplectic form ωẼ, which is equal to the standard product form dre(z) ∧ dim(z) + ω M on C × U , and to e 2s ds ∧ dt + ω M on R + × T µ . This has a one-form primitive θẼ, which is equal to
Definition 2.3. A Lefschetz fibration (with fibre M and outer monodromy µ) is a smooth map π E : E → C, where E is a (2n + 2)-manifold together with an exact symplectic form ω E = dθ E , satisfying the following properties. At each regular point, ker(Dπ E ) ⊂ T E is a symplectic subspace. Besides that we have the Lefschetz condition, which says that locally near each critical point, our fibration is modelled after the complex function
with the symplectic form being equal to the standard constant Kähler form in the same coordinates. For simplicity, we also ask that each fibre contain at most one critical point.
Finally, the geometry near infinity is controlled by the following requirement.
There is an open subset of E, whose closure is a compact manifold with corners, and whose complement can be identified withẼ. This identification should be such that the restrictions of (π E , ω E , θ E ) equal (πẼ, ωẼ, θẼ).
Again, these should be called exact symplectic (or Liouville) Lefschetz fibrations, but we omit all adjectives since that is the only class of Lefschetz fibrations relevant to this paper. If we look at the model (2.1), the Liouville vector field dual to θẼ is
where X kµ is the Hamiltonian vector field of that function. ZẼ points strictly outwards along the hypersurface |πẼ(x)| ≥ r for sufficiently large r, and the same along C × ∂Ω M , where Ω M ⊂ M is as in Definition 2.1 and sufficiently large (so that ∂Ω M ⊂ U ). By taking the subset of E bounded by the combination of these hypersurfaces, and rounding off the corners, one gets a relatively compact open subset Ω E such that Z E points outwards along its boundary. It is not difficult to show that every point outside Ω E will be carried into that set by the flow of Z E for some negative time. As a consequence, the total space E is a Liouville manifold. Definition 2.4. A vanishing path for a Lefschetz fibration π E : E → C is a properly embedded path β : R + → C such that β(0) is a singular value of π E , and all the other β(t) are regular values. Moreover,
Here a = a β ∈ S 1 ⊂ C is some angle, which can be different for different vanishing paths.
To any vanishing path β one associates its Lefschetz thimble ∆ β , which is a properly embedded Lagrangian submanifold of E with π E (∆ β ) = β(R + ) (see e.g. [23, Lemma 1.13] for the exact definition). Now suppose that we are given a basis of vanishing paths (γ 1 , . . . , γ r ). This means that r equals the number of critical values, that all γ k go to infinity in positive real direction, and that they satisfy certain intersection conditions (see Figure 3 for an illustration; the notion is a classical one in singularity theory, appearing for instance as "distinguished system" in [2, p. 60]). Take the fibre E z for z real and ≫ 0, and identify it with M in the canonical way inherited fromẼ. The intersections of the Lefschetz thimbles ∆ γ k with that fibre give rise to a collection of vanishing cycles (V 1 , . . . , V r ) in M , which is again called a basis. These are Lagrangian spheres in the following sense: Definition 2.5. By a Lagrangian sphere in M , we mean a submanifold V ⊂ M such that θ M |V is exact, together with a diffeomorphism S n → V , the latter fixed up to isotopy and composition with elements of O(n + 1).
In [25] these were called framed exact Lagrangian spheres, but all spheres considered in this paper naturally come with this structure, so we feel justified in shortening the terminology. The important converse to this observation is that, given M and an arbitrary ordered collection of Lagrangian spheres (V 1 , . . . , V r ), one can construct a Lefschetz fibration π E : E → C with fibre M and for which (V 1 , . . . , V r ) is a basis of vanishing cycles. We refer to [25, Section 16e] for a sketch of the construction, and to [23, Proposition 1.11] for a more in-depth discussion of the basic case of a single vanishing cycle.
Remark 2.6. Equivalently, one can think of E as being obtained by taking a compact subset of M × C, attaching Weinstein handles [28] to r Legendrian spheres in its boundary, then making the result non-compact again by attaching an infinite cone.
If we fix M and the isotopy classes of the vanishing cycles, the resulting Lefschetz fibration π E : E → C is unique up to deformation in an appropriate sense, which in particular implies that the total space E is unique up to Liouville isomorphism. Moreover, there is an action of the braid group Br r on the set of bases of vanishing cycles by Hurwitz moves, which also leaves the isomorphism class of the total space invariant. See for instance [25, Section 16d] .
Given a Lefschetz fibration π E : E → C, consider a function of the form H(y) = ψ( We denote by (Φ α ) the flow of H, which is well-defined for all times α ∈ R. This flow is nontrivial only on the part of E corresponding to
It is fibered over a flow (φ α ) on the base, which is the Hamiltonian flow of the function h(z) = ψ( 2 ) with respect to the standard constant symplectic form. Finally, if we take Φ 2π and restrict it to fibres E z ∼ = M with |z| ≫ 0, it is fibre-preserving and fibrewise equal to the monodromy µ. Given any vanishing path β, we write
Floer cohomology
This section outlines the structure of Lagrangian Floer cohomology in the context of Lefschetz fibrations. Since we impose strong exactness conditions, this is technically rather undemanding, and we will give details only when they are particularly relevant to the intended application (see also [17, Section 6] for a closely related exposition).
We want to consider two classes of exact Lagrangian submanifolds L ⊂ E: closed ones and Lefschetz thimbles. Take two such submanifolds (L 0 , L 1 ), and if they are both Lefschetz thimbles L k = ∆ β k , assume that the angles a k = a β k from (2.4) are different:
Then their Floer cohomology HF * (L 0 , L 1 ) is well-defined. From now on, we also make the standard assumption that the anticanonical bundle K
should be trivial, and that all Lagrangian submanifolds involved come with gradings [22] , which result in HF * (L 0 , L 1 ) being Z-graded. As for coefficients, all our Floer cohomology groups will be defined over Z/2, to avoid sign considerations (this is particularly important later when we quote results from [11] , where the sign issues have not been explored).
If L α 0 is as in (2.6), the Floer cohomology groups HF * (L α 0 , L 1 ) are defined for all α such that e iα a 0 = a 1 (where this condition is understood to be vacuous unless both submanifolds are Lefschetz thimbles). Moreover, there are canonical continuation maps
for all values α − ≤ α + such that both sides make sense, and these form a directed system. We define the wrapped Floer cohomology of (L 0 , L 1 ) to be the direct limit
Remark 3.1. The terminology "wrapped Floer cohomology" was introduced in [7, 1] in a slightly different context; namely, for exact Lagrangian submanifolds in Liouville manifolds which are properly embedded, and are tangent to the Liouville flow outside a compact subset, hence give rise to a Legendrian submanifold of the boundary at infinity. To explain the relation between the two notions, consider a single Lefschetz thimble L = ∆ β ⊂ E. Suppose that the underlying vanishing path has angle a β = 0, and that the associated vanishing cycle V ⊂ E β(t) ∼ = M , for t ≫ 0, satisfies θ M |V = 0 (the latter condition can always be arranged by modifying the given θ M and θ E , which does not affect Floer cohomology groups). Fix r ≫ 0, and consider the hypersurface {r} × T µ ⊂Ẽ, which is just the subset of points where |πẼ(s, t, x)| = e r . Then
is a vector field tangent to the characteristic foliation, and satisfies θẼ(RẼ) = 1. When we construct Ω E by rounding off corners, this can be done in such a way that L ∩ ∂Ω E = L ∩ E e r = V is Legendrian, and so that the Reeb flow applied to L ∩ ∂Ω E equals the flow of (3.4). The wrapped Floer cohomology in the sense of [7, 1] uses this Reeb flow to form a direct limit. To obtain the isomorphism between that and HW * (L, L) as defined in (3.3), one defines continuation maps which intertwine the groups in the two direct systems. For that, it is crucial that DπẼ(RẼ) is, at every point, a positive multiple of the rotational vector field on the base (this was pointed out to the authors by Abouzaid; there is a similar argument in [18] for symplectic cohomology, but that is considerably more complicated, since one needs to take into account the entire boundary at infinity). We do not want to pursue this further, and instead stick to (3.3) as the definition of wrapped Floer cohomology, which is sufficient for our purpose (essentially the same solution is adopted in [17, Section 6]).
Here are some general properties of (
is ordinary Floer cohomology. Furthermore, the direct limit is compatible with the product structure, which means that there are induced associative products
. These are unital, and their unit elements arise as follows. For α ∈ (0, 2π), one has a version of the Piunikhin-Salamon-Schwarz [19] isomorphism
is the image of this element under (3.3). Associativity and unitality mean that one can introduce a wrapped version of the Donaldson-Fukaya category, having Lagrangian submanifolds as objects and wrapped Floer groups as morphisms.
Proof. This is a formal consequence of our previous remarks. Because of the product structure, vanishing of
A spectral sequence
We'll now focus on Floer cohomology for Lefschetz thimbles. By definition, such thimbles project to paths in the base C of the Lefschetz fibration. If one chooses appropriate almost complex structures, the pseudo-holomorphic strips which define the Floer differential also project to holomorphic strips in C. This choice of almost complex structure is not generic, of course, but the idea can nevertheless be used for some partial computations. Consider the intersection points z ∈ β 0 (R + ) ∩ β 1 (R + ). We say that z − > z + if there is a finite sequence of non-constant holomorphic maps (4.1)
From now on, we partition the intersections points into subsets I 0 , . . . , I d , such that z − > z + implies that z − ∈ I i , z + ∈ I j with i > j. Moreover, if our paths have the same endpoint, that point will be denoted by b.
but not canonically so), which are simply the parts of the Lefschetz thimbles lying in that fibre. We can then consider their Floer cohomology in E z , denoted by H z = HF * (V z,0 , V z,1 ) (the gradings of the vanishing cycles are adjusted in such a way that the indices of intersection points agree with those in the total space). In the remaining case z = b, L 0 and L 1 intersect transversally at the single singular point of E z , and we set H z = Z/2, concentrated in the degree given by the Maslov index of that point.
Proposition 4.1. There is a spectral sequence converging to HF * (L 0 , L 1 ), whose starting page has
The proof is similar to Morse-Bott situations such as [20] , and technically even somewhat simpler.
Proof. As a preliminary step, by slightly perturbing the symplectic connection on the regular part of π E : E → C, we can achieve that the Lefschetz thimbles for our given paths intersect transversally. This perturbation is a compactly supported exact change of the symplectic form on E, which does not affect
To simplify the discussion, we will assume from now on that the original symplectic form already had this transversality property.
Let CF * (L 0 , L 1 ) be the Floer complex, generated by intersection points x ∈ L 0 ∩L 1 . Fix a family (J t ) 0≤t≤1 of almost complex structures on E such that π E is J tholomorphic for each t. We say that x − > x + if there is a finite sequence of non-constant pseudo-holomorphic strips
By projecting to the base, one sees that x − > x + implies that x ± either lie in the same fibre or else satisfy
The family (J t ) is not generic, and in order to satisfy the transversality requirements in the definition of the Floer differential, one generally needs to perturb it slightly to some (J t ). Nevertheless, Gromov compactness ensures that as long as the perturbation is sufficiently small, pseudo-holomorphic strips with endpoints x ± can only exist if x − > x + . As a consequence, if we consider the descending filtration
, then the Floer differential preserves that filtration, and moreover, the induced differential on the graded space F p /F p+1 splits into a direct sum indexed by points z ∈ I p . This automatically gives rise to a spectral sequence of the general form (4.2). The remaining step is to determine the precise nature of the pieces H z which make up the cohomology of F p /F p+1 . For z = b, the chain complex underlying H z has a single generator, so the differential automatically vanishes.
One can arrange the original family (J t ) so that its restriction to the fibre E z gives rise to regular moduli spaces of pseudoholomorphic strips in that fibre, for any intersection point z = b. These strips are then automatically regular in the total space as well. Concretely, let u : R × [0, 1] → E z ⊂ E be such a strip. Its linearized operator, as a map to E, is a Fredholm operator D u : H 1 → H 0 . On the other hand, if we consider u as a map to E z , its linearization is described by the restriction of D u to subspacesH 1 →H 0 . Via projection to the base, the quotient
be identified with the space of W 1,q (for some q > 2) functions ξ :
are the tangent spaces of β k (R + ) at z, hence transverse by assumption. Similarly, H 0 /H 0 can be identified with the space of all L q functions R × [0, 1] → C, and the quotient map induced by D u is the standard Cauchy-Riemann operator∂, which is invertible. This implies that regularity in E z and in E are equivalent, as claimed. Because of this regularity, the zero-dimensional moduli spaces of pseudo-holomorphic strips for (J t ) which define the differential on F p /F p+1 correspond bijectively to those for (J t ), hence H z (z = b) is really the Floer cohomology in the fibre.
By similar means, one can show that CF * (L 0 , L 1 ), considered as a filtered chain complex, is independent of the choice of almost complex structures up to isomorphism. Hence, the whole spectral sequence is canonical.
We will need a related consideration concerning continuation maps. This requires some technical assumptions:
β is a vanishing path, which outside the unit disc is a straight half-line. L = ∆ β is its Lefschetz thimble. Moreover, the function from (2.5) should satisfy ψ ′′ (r) > 0 for all r such that ψ ′ (r) = 0, 1.
Take β 1 = β, and consider another path β 0 of the following kind. β 0 is isotopic to β inside the class of vanishing paths; it meets β only at the common endpoint b, where their oriented tangent directions are different; and outside the unit disc it equals e iα β for some α ∈ (0, 2π). Write L k = ∆ β k . Fix some positive integer d. The wrapped path β 2πd 0 intersects β 1 at the origin and at other points z 1 , . . . , z d (see Figure 4) , where the intersections are automatically transverse because of (4.4). These points satisfy b > z 1 > · · · > z d in the sense of (4.1). Consider the spectral sequence obtained by setting I d = {b}, and I k = {z d−k } for k < d. As part of that spectral sequence, we have an edge homomorphism (4.5)
Hence, it carries a canonical element, which is the image of the nontrivial generator of
2). In the limit (3.3), this gives rise to the unit element of HW * (L, L).
is given by (4.5).
Proof. The argument hinges on the chain level realization of the continuation map,
η(s) = 2πd for s ≪ 0, η(s) = 0 for s ≫ 0, and η ′ (s) ≤ 0 everywhere.
Then, (4.6) is defined by counting solutions of (4.8)
Assume temporarily that all J s,t have the property that π E is J s,t -holomorphic. Then, for every u as in (4.8), the projection w = π E (u) is a solution of (4.9)
Take a solution of (4.9), and write it as w(s, t) = φ (1−t)η(s) (v(s, t)), so that the boundary values of v lie on β 0 and β 1 , respectively. If w has limit b as s → ∞, and limit z k as s → −∞, then (4.10)
Here, ω C is the standard symplectic form. The second inequality holds because
2 ) is non-positive everywhere, by assumptions (4.4) and (4.7).
The rest of the computation is elementary. The first term in the last line of (4.10) is A − πk + (α/2 − πk)(|z k | 2 − 1), where A ∈ (0, π) is the area of the curvilinear triangle bounded by (parts of) β 0 , β 1 , and the unit circle. On the other hand, (4.11) 2πd · ψ(
. Taking everything together, we find that
an obvious contradiction. Hence, any solution of (4.9) necessarily has limits b at both ends. The same computation shows that such solutions are also necessarily constant. This in turn means that all solutions of (4.8) are contained in the fibre E b . Since X H = 0 in that fibre, they are actually pseudo-holomorphic maps, hence also constant by a straightforward energy argument. Finally, we should note that the constant map is a regular solution.
This holds for our non-generic choice of (J s,t ). However, the same Gromov compactness argument as in Proposition 4.1 shows that for any sufficiently small perturbation (J s,t ), the continuation map equation still has the constant map at the singular point in E b as its only solution. Hence, the homomorphism defined in this way indeed agrees with (4.5).
Proposition 4.2 has an analogue for symplectic cohomology SH * (E), which is maybe better known. Namely, if one defines SH * (E) using a suitable Hamiltonian function K, then the image of the canonical map H * (E) → SH * (E) is represented by the critical points of K, seen as (constant) one-periodic orbits of the flow of X K . This is implicit in [27] , for instance.
A vanishing criterion
This section contains our main Floer cohomology computation. It takes place in the framework of the spectral sequence from Proposition 4.1, and in fact in a particularly simple special case where only one differential in that spectral sequence can be nontrivial. However, computing that differential requires additional geometric considerations.
Let π E : E → C be a Lefschetz fibration as before, (γ 1 , . . . , γ r ) a basis of vanishing paths, and (V 1 , . . . , V r ) the corresponding basis of vanishing cycles. To each V k ⊂ M we can associate its Dehn twist τ V k , which is an exact symplectic automorphism of M (and graded in a canonical way); the Picard-Lefschetz formula then tells us that the outer monodromy µ is isotopic to τ V1 · · · τ Vr . From the long exact sequence [23] we know that there are preferred elements
for all 1 ≤ k ≤ r − 1. Their composition is an element
This all takes place in the fibre M . In the total space E, consider L = ∆ γr and its wrapped Floer cohomology HW * (L, L). The connection between the two is as follows:
Before we get to the proof of this, some preliminary considerations are necessary. Let (L 0 , L 1 ) be the Lefschetz thimbles associated to the paths (β 0 , β 1 ) drawn in Figure 5 (where we assumed that the basis of vanishing paths was the one from Figure 3 ). Note that L 1 = L, while L 0 is a compactly supported perturbation of L α for some angle α ∈ (2π, 4π). The vanishing paths intersect in two points (b, z). Using the Picard-Lefschetz formula again, one sees that their contributions are
For the obvious choice of partition I 0 = {z}, I 1 = {b}, the only nontrivial differential in the spectral sequence is given by a canonical element of
of degree zero (by Poincaré duality in Floer cohomology; recall that here we are dealing with compact Lagrangian submanifolds in the fibres).
Instead of computing that element directly, we'll consider the perturbed paths (β 0 ,β 1 = β 1 ) from Figure 6 , and their Lefschetz thimbles (L 0 ,L 1 = L 1 ). Since this differs from the previous situation by a compactly supported isotopy, we have
On the other hand, there are now three intersection points (b,z 1 ,z 2 ) in the base, whose contributions are (5.5)
Hb = Z/2 placed in degree −n − 1, We can choose the filtration to be given byĨ 0 = {b,z 2 } andĨ 1 = {z 1 }, in which case the only nontrivial differential is a degree 1 map
The first component is given by an element of H −ñ z1
Lemma 5.2. The first component of (5.6) is nonzero.
Proof. Let's return to the proof of Proposition 4.1. There is a unique (up to translation) holomorphic strip w : R × [0, 1] → C which connectsb andz 1 . If we consider the unperturbed almost complex stucture (J t ), the pseudo-holomorphic strips in E contributing to the first component of (5.6) would have to project to that strip in the base. For the perturbed almost complex structure (J t ) this is still approximately true, meaning that the pseudo-holomorphic strips project to a small neighbourhood of w(R × [0, 1]). In particular, for the purposes of computing that component, we can ignore the presence of the other intersection pointz 2 .
However, if there was no other intersection point, we would have an obvious isotopy which mergesz 1 withb. By isotopy invariance, there is necessarily some cancellation between the contributions of these two points, which proves the desired result.
The second component of (5.6) is a map HF * (τ V1 · · · τ Vr−1 (V r ), V r ) → HF * (V r , V r ). Following our previous discussion, we prefer to think of it dually as a map
Lemma 5.3. (5.7) is composition with the element σ from (5.2).
Proof. As before, there is a unique holomorphic strip w which connectsz 2 toz 1 .
Without loss of generality, we may assume that the Lefschetz fibration is symplectically trivial (a product of fibre and base) in a small neighbourhood of eachz k . Choose almost complex structures (J t ) which make π E pseudo-holomorphic, and
which respect the product structure near thez k . These are of course not generic, but we will see that the moduli spaces appearing in this particular computation can be made regular while remaining within that class; after that, a Gromov compactness argument as in the proof of Proposition 4.1 applies.
w itself is regular as a holomorphic strip, and its moduli space is zero-dimensional (up to translation). Hence, counting pseudo-holomorphic strips in E which connect the critical points in Ez 1 to those in Ez 2 is the same as counting pseudo-holomorphic lifts of w (including regularity; this is by a similar comparison of linearized operators as in the proof of Proposition 4.1). Invariants counting pseudo-holomorphic sections of Lefschetz fibrations were defined in [23] . In our case, the fibration is w * E → R × [0, 1]; it can be thought of as being glued together from simpler fibrations over R × [0, 1], each of which has only one critical point (see Figure 7 for a schematic picture). The invariants counting pseudo-holomorphic sections of the simpler fibrations are given by composition with the elements σ k , essentially by definition of those elements. The TQFT-type structure of the theory (see [23, Proposition 2.22 ] for a precise statement of the relevant gluing theorem) then implies that sections of w * E → [0, 1] are described by composition with σ.
Proof of Proposition 5.1. By assumption, HW * (L, L) is nontrivial. Because of the ring structure, this means that the map H * (L; Z/2) → HW * (L, L) which defines the unit in HW * (L, L) must be nontrivial. One step in this map can be identified with the continuation map
From Proposition 4.2, we know that the image of this map is represented by the unique point of L 0 ∩ L 1 lying over b. This point is always a cocycle, and it is a coboundary if and only if the map (5.4) is nonzero. Hence, by assumption we know that the map is zero, or equivalently, that the total rank of HF * (L 0 , L 1 ) is one more than that of HF * +n+1 (τ V1 · · · τ Vr−1 (V r ), V r ).
Another way to compute that same rank is to use the perturbed situation from (5.6). We know from Lemma 5.2 that the degree −n element of Hz 1 always lies in the image of that map. If σ is nonzero, the degree 0 part of (5.7) is nonzero, which in view of duality means that the degree 0 element of Hz 1 also lies in the image of (5.6). Hence, in that case the rank of HF * (L 0 , L 1 ) is one less than that of HF * +n+1 (τ V1 · · · τ Vr−1 (V r ), V r ), which is a contradiction. The conclusion is that σ is zero, as desired.
Algebraic implications
We continue to consider the situation from Proposition 5.1, and concentrate on the implications of the vanishing of σ for the structure of the vanishing cycles (V 1 , . . . , V r ). This discussion will take place entirely inside the fibre.
Take the Fukaya category of M , whose objects are closed exact Lagrangian submanifolds with gradings. We denote it by B, and also consider its derived category D(B) = H 0 (tw (B)), defined via twisted complexes as in [12, 25] . In the derived category, for any two objects X 0 , X 1 one can introduce the twisted object T X0 (X 1 ), unique up to canonical isomorphism (this is familiar from the theory of mutations [21] , but the specific notation here is borrowed from [25, Section 5] ). By construction, it comes with a canonical morphism s X0,X1 ∈ Hom D(B) (X 1 , T X0 (X 1 )). Specialize to X 0 = V k and X 1 = T V k+1 · · · T Vr−1 (V r ), and call the resulting morphisms s k . Their composition is an element
, which moreover takes σ, from (5.2), to s.
one of the lozenges,
( ( P P P P P P P P P P P P
Here, the ց's are the canonical elements s X0,X1 ∈ Hom D(B) (X 1 , T X0 (X 1 )) for (X 0 , X 1 ) = (V r−2 , τ Vr−1 (V r )) and (X 0 , X 1 ) = (V r−2 , T Vr−1 (V r )) respectively, which are purely algebraic. It is clear from the definition that T Vr−2 is actually an exact functor from D(B) to itself, and that the canonical elements form a natural transformation from the identity functor to T Vr−2 . Now, the ↑'s in (6.4) are, respectively, the isomorphism from [25, Theorem 17.16 ] and its image under T Vr−2 . Hence, the diagram commutes by naturality, and the same argument applies to the rest of (6.2). By going around the sides of that, one obtains the desired result. 
Our assumption implies that the triangle splits, which means that
It remains to write down C more explicitly. For this purely algebraic question, we find it convenient to replace B by a quasi-isomorphic A ∞ -categoryB, with the same objects, which is strictly unital. That can always be done, see [25, Section 2] or [15, Theorem 3.2.1.1]. IfÃ is the directed A ∞ -subcategory associated to (V 1 , . . . , V r−1 ) inB, we have a diagram (commutative up to isomorphism)
where the vertical arrows are equivalences. Hence, the essential situation does not change, but we do get two technical simplifications. First, the A ∞ -functorÃ →B becomes an embedding of an A ∞ -subcategory. Second, there are simple canonical representatives for the objects T X0 (X 1 ) in tw (B), namely
and the canonical morphism s X0,X1 is then represented by the obvious inclusion of twisted complexes, X 1 ֒→ T X0 (X 1 ). Iterating this picture, one finds that s is represented by the inclusion V r ֒→ T V1 · · · T Vr−1 (V r ). The mapping cone is then the quotientC of that inclusion, which is of the form
where the sum is over all i ≥ 1 and 1 ≤ k 0 < k 1 < · · · < k i = r. The crucial fact aboutC, which is a direct consequence of its definition (6.8), is the following directedness property:
The differential ∂C has no nontrivial entries which decrease k 0 . Moreover, the entries which preserve k 0 are of the form φ k0 ⊗ e V k 0 , where φ k0 is an endomorphism of the vector space homB(
, and e V k 0 is the strict identity morphism.
Hence,C is in fact an object of tw(Ã) ⊂ tw(B). On the other hand, by construction it corresponds to C under the equivalence of triangulated categories D(B) ∼ = D(B).
A look at (6.6) (or rather its version shifted by −1) then yields the desired result. This follows directly from Proposition 5.1, Lemma 6.1, and Proposition 6.2.
(A m ) Milnor fibres
Fix m ≥ 1, n ≥ 2. The 2n-dimensional (A m ) type Milnor fibre is the affine hypersurface
When equipped with the restriction of the standard symplectic form, this is a Liouville manifold (and like any affine hypersurface, comes with a canonical trivialization of its anticanonical bundle). Let m+1 √ 1 ⊂ C be the subset of (m + 1)-st roots of unity. To every embedded path δ whose endpoints lie in m+1 √ 1, and which avoids that set otherwise, one can associate a Lagrangian sphere S δ ⊂ M m [11, Section 6c].
Lemma 7.1. Let δ 0 , δ 1 be any two paths. Denote by t δ0 the right handed half-twist, which is a diffeomorphism of C preserving m+1 √ 1, and by τ S δ 0 the Dehn twist along the associated Lagrangian sphere. Then there is an isotopy of Lagrangian spheres, Figure 8 .
Sketch of proof.
There is a canonical symplectic fibration over configuration space Conf m+1 (C) with fibre M m . The Picard-Lefschetz theorem shows that τ S δ 0 is the monodromy of that fibration along a particular loop in the base. That path corresponds to a braid, and if one realizes that braid as diffeomorphism of (C, m+1 √ 1), the result is precisely t δ0 . By combining these two facts, one can explicitly construct a family of Lagrangian spheres interpolating between the two sides of (7.2). Compare the discussion in [25, Remark 16.14].
Lemma 7.2. Let δ 0 , δ 1 be two paths which are not isotopic (within the class of paths we've been considering). Then the image of the product map
is contained in H n (S δ0 ; Z/2).
Sketch of proof. Without loss of generality, suppose that δ 1 is as Figure 8 . Take the infinite path ξ and associate to it a properly embedded Lagrangian submanifold L ⊂ M , L ∼ = R × S n−1 , following the same construction as for the spheres S δ . Since δ 0 is not isotopic to δ 1 , it has essential intersection with ξ, so their geometric intersection number is I(δ 0 , ξ) > 0. By the same argument as in [11, Lemma 6.19] we have
Suppose that there are elements a 2 ∈ HF * (S δ1 , S δ0 ) and a 1 ∈ HF * (S δ0 , S δ1 ) whose product does not lie in H n (S δ0 ; Z/2) ⊂ HF * (S δ0 , S δ0 ). This product is then necessarily an invertible element of the ring HF * (S δ0 , S δ0 ) ∼ = H * (S n ; Z/2), which means that
is an isomorphism, contradicting (7.4).
Write δ k,l for the straight line segment connecting e 2πik/(m+1) to e 2πil/(m+1) , where k = l mod m + 1. Suppose first that we choose vanishing cycles V j = S δ j−1,j for . This is just the Morsification of the singularity of type (A m ), explained in reverse. In general, we can apply Hurwitz moves to a given collection, and this gives new collections of vanishing cycles which still lead to standard R 2n+2 as the total space. In our particular case, the collections (Ṽ 1 , . . . ,Ṽ m ) obtained by applying Hurwitz moves to (V 1 , . . . , V m ) are precisely those of the following kind. EachṼ j = Sδ j is associated to some straight line segmentδ j = δ kj ,lj . Moreover, any two such segments are either disjoint or intersect at a single endpoint, and the union of all of them forms a tree inside the unit disc. Finally, if several segments meet at a common endpoint, the directions at that point are in clockwise order (see Figure 9 for an example). An obvious consequence is that only finitely many different collections (Ṽ 1 , . . . ,Ṽ m ) arise (exactly (m + 1) m−1 , which is Cayley's formula for the number of trees with m numbered edges and with an additional choice of distinguished vertex).
Remark 7.3. There is a more geometric way of seeing how that particular number arises (this is not new, compare for instance [3, Introduction] ). Let P m be the space of all polynomials of degree m + 1 which are monic, have zero subleading term, and moreover have m distinct critical values. The Lyashko-Looijenga map
which associates to each such polynomial its critical values, is a covering of degree (m + 1) m−1 (see [16] , or [14, Chapter 5] for an expository account). We'd like to view P m as the space of all Lefschetz fibrations C n+1 → C of the form x → x 2 1 + · · · + x 2 n + p(x n+1 ) (here, Lefschetz fibration is understood in a slightly looser sense than in Section 2, so as to fit into the natural algebro-geometric framework). Fix a base point in P m , and a basis of vanishing paths for the Lefschetz fibration associated to that point, and consider the resulting collection of vanishing cycles. Going around any loop in Conf m (C) transforms this into another basis of vanishing paths, to which corresponds an a priori different collection of vanishing cycles (this is a version of the braid group action by Hurwitz moves). However, if the loop can be lifted to P m , then the new collection of vanishing cycles is isotopic to the previous one, by a monodromy argument. This immediately shows that there are most (m + 1) m−1 different such collections (however, additional work is required to show that there are not less than that). What we have is a fibre M 1 ∼ = T * S n and two vanishing cycles which are both equal to the zero-section S n , which is the standard Lefschetz fibration with total space T * S n+1 ; see for instance [17, Section 5] . A similar argument works for all m if (k, l) = (m − 1, m). In that situation, one has two equal vanishing cycles forming a Lagrangian sphere in E, while the remaining vanishing cycles provide handle attachments that cancel out the extra topology of the fibre.
In the general case one can use Hurwitz moves, applied only to the first m cycles, to modify the given collection toṼ j = Sδ j , where
Here, we have assumed without loss of generality that 0 ≤ k < l ≤ m (see Figure 10 for a picture of the pathsδ j ). Explicitly, if σ i denotes the i-th elementary Hurwitz move in the conventions from [25, Section 16] , then the modification leading to (7.7) is given by σ
where the order is from right to left (alternatively, the existence of such a sequence of moves can be derived from the general discussion preceding this Lemma). This gets us back to a version of the previous situation, since the two last vanishing cycles coincide, while the others again contribute cancelling handle attachments.
(A m ) quiver representations
Consider the directed quiver of type (A m ), for some m ≥ 1. A representation of this quiver is a sequence of finite-dimensional vector spaces W i , 1 ≤ i ≤ m, and linear maps ρ i : W i → W i+1 , 1 ≤ i ≤ m − 1. This can be over an arbitrary field, but the relevant case for us is where the ground field is Z/2. An elementary case of Gabriel's theorem [8] says that any indecomposable representation of the (A m ) quiver is isomorphic to one of the following form:
Here, 0 ≤ k < l ≤ m, so there are a total of m(m + 1)/2 different indecomposable representations.
We will now recast this statement as one about twisted complexes over certain A ∞ -categories. Consider the A ∞ -category A m over Z/2, which has m objects denoted by (V 1 , . . . , V m ), is strictly unital, and has morphism spaces This determines the A ∞ -structure of A m uniquely: the only nonvanishing products are µ 2 (e i , e i ) = e i as well as
where the W i are finite-dimensional graded vector spaces over Z/2, together with a differential which is a formal matrix ∂ C = (∂ C,ji ) consisting of
Without changing the quasi-equivalence type of tw(A m ), one can restrict to twisted complexes where ∂ C,ii = 0. This is a general fact about directed A ∞ -categories [25, Remark 5.19] . For the specific case of A m , this means that the only nonzero components of ∂ are ∂ C,i+1,i = ρ i ⊗ f i , where
) is a degree 0 linear map. Hence C splits as a direct sum corresponding to the graded pieces of the associated vector spaces. Moreover, each such piece is precisely given by a representation of the (A m ) quiver. In particular, we can consider the twisted complexes C k,l corresponding to the indecomposable representations considered above, and as an immediate consequence,
Remark 8.2. Since A m is directed, the objects V i (or C i−1,i , which is the same) form a full exceptional collection in H 0 (tw (A m )). There is an action of Br m on isomorphism classes of such collections, by mutations [21] . Any object that appears in a mutated collection (Ṽ 1 , . . . ,Ṽ m ) is indecomposable, and therefore isomorphic to a shifted version of some C k,l . In particular, up to isomorphisms and shifts, only finitely many different exceptional collections arise through the mutation process. To relate this to the geometric finiteness phenomena from the previous section, we note that A m is the directed Fukaya category associated to the Lefschetz fibration with fibre M m and total space R 2n+2 . By [25, Corollary 17.17] , mutation of exceptional collections in H 0 (tw (A m )) corresponds to Hurwitz moves on vanishing cycles. This shows that exactly (m + 1) m−1 essentially different exceptional collections arise.
The construction
As outlined in the Introduction, fix some m, n ≥ 2 and the corresponding Milnor fibre M m . Take vanishing cycles V j = S δj , where δ j = δ j−1,j for j ≤ m, while δ m+1 can be arbitrary. Form the associated Liouville (2n + 2)-manifold E.
Proof of Lemma 1.1. It was shown in [17, Section 5] that for even n, the isotopy class of S δ ⊂ M m depends only on the endpoints of δ. In fact, the isotopies constructed there are through totally real submanifolds. The diffeomorphism class of E and the homotopy class of its almost complex structure are preserved under such an isotopy. Since any δ m+1 has the same endpoints as some δ k,l , the result follows from Lemma 7.4.
Proof of Lemma 1.2. We can first attach handles corresponding to (V 1 , . . . , V m ), which produces a standard ball B 2n+2 , and then attach a final handle, whose attaching sphere is a Legendrian embedding S n ֒→ S 2n+1 = ∂B 2n+2 derived from V m+1 . From the topological viewpoint, the data that matter are the isotopy class of the sphere and its framing (trivialization of the normal bundle).
For any n ≥ 3, any two embeddings S n ֒→ S 2n+1 are differentiably isotopic [9] . Hence, we may assume that the attaching sphere is standard. In that case, an equivalent picture is that E is obtained from two copies of B n+1 × R n+1 by identifying the boundaries through a fibrewise linear automorphism of S n × R n+1 . In other words, E is the total space of a rank (n + 1) vector bundle η → S n+1 . Such bundles are classified by the homotopy class of their clutching functions, lying in π n (O(n + 1)), which is equivalent to the framing data in our previous picture. For n odd, that group sits in a short exact sequence
The image of a class in π n (O(∞)) determines the stable isomorphism type of η. Since T S n+1 is stably trivial, this is the same as the stable isomorphism type of T E|S n+1 . On the other hand, we have the natural map π n (O(n + 1)) → π n (S n ), which computes the Euler class of η, or equivalently the selfintersection number of S n+1 ⊂ E. Since the composition π n+1 (S n+1 ) → π n (O(n + 1)) → π n (S n ) is multiplication by 2 (this is part of the standard computation of the first nontrivial homotopy groups of Stiefel manifolds, see [26, §25] or [10, Section 8.11] ), the selfintersection number detects the left hand subgroup in (9.1).
By definition, M = M m is a smooth affine hypersurface in C n+1 . Hence, its tangent bundle is stably trivial, T M ⊕ C ∼ = M × C n+1 . Moreover, each of our spheres V i bounds a Lagrangian ball in C n+1 (because they can be constructed as vanishing cycles for a Lefschetz fibration C n+1 → C with fibre M ). Hence, we also have a stable trivialization T V i ⊕ R ∼ = V i × R n+1 , and this is compatible with the canonical isomorphism T M |V i ∼ = T V i ⊗ R C. As a result of this, the manifold E again comes with a stable trivialization T E ⊕ C ∼ = E × C n+2 . In fact, for dimension reasons this implies that T E itself is trivial. As a consequence of this and the previous discussion, the only topological invariant that can distinguish different E's is the selfintersection number.
Computing the intersection pairing on the total space of a Lefschetz fibration is a standard exercise. Let H n+1 (E, M ) be the homology of the total space relative to a fibre at infinity. This is generated by the classes of the Lefschetz thimbles ∆ 1 , . . . , ∆ m+1 , and carries a non-symmetric extension of the intersection pairing, which we denote by • (in singularity theory, this appears as the linking pairing on the Milnor fibre, see [13, §6] 
n+1 V i · V j for i < j,
where σ = (−1) On T * S n+1 we have x · x = σχ(S n+1 ) = 2σ, hence the condition that our selfintersection number should be the same translates to The left hand side is the standard (A m ) quadratic form, which is positive definite. The only elements which take value 2 are a = (0, . . . , 0, 1, . . . , 1, 0, . . . , 0), matching the condition imposed in the statement of the Lemma.
Proof of Theorem 1.3. As in Section 6, let B be the Fukaya category of M m , and A the directed A ∞ -subcategory associated to the collection (V 1 , . . . , V m ). The choice of paths means that for i < m, V i intersects V i+1 transversally in a single point. We can choose the gradings of the V k in such a way that the unique generator of HF * (V j , V j+1 ) has degree 1. Since V i ∩ V j = ∅ for all i, j ≤ m with |i − j| ≥ 2, a comparison with (8.2) shows that A is isomorphic to A m .
By repeatedly applying Lemma 7.1 and [25, Theorem 17.16] , one sees that in D(B),
After writing out explicitly the right hand side (which is easy to do by induction on l−k), one sees that it is precisely the image of C k,l under the functor D(A) → D(B).
Suppose that E contains a Lagrangian sphere representing a nonzero element of H n+1 (E). It follows from the handle attachment picture that ∆ m+1 is the dual generator of H n+1 (E), hence its intersection number with our sphere is nonzero. contains the identity in its image. By Lemma 8.1, C is necessarily a direct sum of shifted copies of various C k,l 's, which geometrically means a direct sum of copies of the S δ k,l with various gradings. But then, our statement concerning (9.6) contradicts Lemma 7.2, unless δ m+1 is isotopic to one of the δ k,l .
The conclusion is that if δ m+1 is not isotopic to any δ k,l , then E can't contain a Lagrangian sphere which is nontrivial in homology. Hence, it's not symplectically isomorphic to T * S n+1 . In the other direction, we already know from Lemma 7.4 that for any of the 1 2 m(m + 1) choices δ m+1 = δ k,l , the resulting E is isomorphic to T * S n+1 .
